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A NOTE ON FOURIER-MUKAI TRANSFORM 


KOTA YOSHIOKA 


0. Introduction 


Let X be an abelian or a K3 surface defined over C. For a smooth projective variety Z, D(Z) denotes 
the bounded derived category of coherent sheaves on Z. For an abelian surface or a K3 surface Y and an 
object £ 6 D(X x Y), an integral functer 


( 0 . 1 ) 


?e ■ DpQ 


D(F) 

R-Py*(Px( x ) 


'£) 


is called the Fourier-Mukai transform, if J-g is an equivalence of categories, where px and py are projections 
from X x Y to X and Y respectively. The Fourier-Mukai transform is a very useful tool for analysing the 
moduli spaces of sheaves on X. In order to apply the Fourier-Mukai transform to an actual problem, it is 
important to study the problem on the preservation of stability under the Fourier-Mukai transform. We 
assume that Y is a fine moduli space of sheaves on X and £ is the universal family. In [Y3|, [Yd], we 
discussed this problem and showed that the stability is preserved provided a suitable twisted degree is 0 or 
1. In this note, we show that the Fourier-Mukai transform does not always preserve the stability, even for 
a /x-stable vector bundle. We construct two examples (see sect. ||): Assume that X is an abelian surface 
and X the dual of X. Let V be the Poincare line bundle on X x X . Our first example is constructed for 
the Fourier-Mukai functor T-p originally considered by Mukai | Mul| . We next construct an example for the 
Fourier-Mukai functor on a K3 surface. 

In section ||, we shall provide positive results on this problem. Let H be an ample divisor on X. For a 
coherent sheaf E on X , K 1 py*{p* x (E{mH)) <g> £ ) = 0, i > 0 for m 0. Hence the Fourier-Mukai transform 
of E(mH), to 0 is a sheaf. Und er so me assum ption s we sha ll show that the Fourier-Mukai transform 
preserves the stability (cf. Theorem 3.16, Theorem 3.18). In |3.l| , we prepare some lemmas which will play 
key roles. In 3.2, we shall give some conditions under which weak index theorem holds. In particular, we 
give an effective bound for to such that R'py*(p x (E(rnH) ) <g> £ ) = 0, i > 0. By using these results, we 
discuss the problem on the preservation of the stability conditions. 

In section [3|, we consider birational properties of moduli spaces on abelian surfaces X with p(X) = 1. 
We shall show that the Fourier-Mukai transform induced by the Poincare line bundle induces a birational 
correspondence which was conjectured in [vT| (Theorem [Pj| ). 

Finally we would like to mention that Verbitsky Q gets some opposite results to our results. 


1. Preliminaries 

Let X be a K3 surface or an abelian surface defined over C. We define a lattice structure ( , ) on 

H ev (X,Z) := ©(L 0 H 2 \X, Z) by 


x v A y 


( 1 . 1 ) 


(x,y) := - / 

Jx 

= / (aq A yi - x 0 A y 2 - x 2 A yo), 
Jx 


where Xi G H' 2l {X, Z) (resp. yi £ H 2l (X, Z)) is the 2i-th component of x (resp. y) and x v = Xq — x\ + X 2 - 
It is now called the Mukai lattice. For a coherent sheaf E on X, 


( 1 . 2 ) 


v(E) :=ch(E)y/tdx 

= rk (E)+ Cl (E) + ( X (E) - erk (E))qx € H ev (X, Z) 


is called the Mukai vector of E, where e = 0,1 according as X is an abelian surface or a K3 surface and g x 
is the fundamental class of X. 
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In |V':S|| . we introduced the notion of twisted stability. Let K(X) be the Grothendieck group of X. We 
fix an ample divisor H on X. For G £ FT(A) 0 Q with rkG' > 0, we define the G-twisted rank, degree, and 
Euler characteristic of £ £ K(X) 0 Q by 

rk G (ar) := rk(G v 0 a;), 

(1.3) deg G (:r) := deg(G v 0 x) = (ci(G v 0 x), H ), 

Xg{x) := x(G v 0i). 

We define the G-twisted stability as follows. 


Definition 1.1. Let F be a torsion free sheaf on X. E is G-twisted semi-stable (resp. stable) with respect 
to H , if 


(1.4) 


XG (F(nH)) XG (E(nH)) 
rk g (F) ~ rkf; (/f) 


for 0 C F C E (resp. the inequality is strict). 


For a Mukai vector v, we denote the moduli stack of G-twisted semi-stable sheaves E with v(E) = v 
by Al^(u) ss and the open substack consisting of G-twisted stable sheaves by A4^(u) s . Let M H {v) be the 
moduli space of 5-equivalence classes of G-twisted semi-stable sheaves E with v{E) = v. For a coherent 
sheaf E on X, let 0 C F\ C Fi C • • • C F s = E be the Harder-Narasimhan filtration of E with respect to 
the ^-semi-stability. We set 


_ degc(Fi) _ deg(F^ degG 

- rkc(Fi) - rkFi rkG ’ 

/_ deg G (F s /F s -i) _ deg(F s /F s _i) _ degG 
Mmm.Gl j. rk(F s /F s _i) rkG ‘ 


Definition 1.2. Let v be a Mukai vector with rku > 0. A polarization H on X is general with respect to 
v, if for every /z-semi-stable sheaf F with v(E) = v and a subsheaf F ^ 0 of F, 


( 1 . 6 ) 


(ci(F),H) 
rk F 


(ci(E),H) 
rk F 


if and only if 


Ci(F) 
rk F 


Ci(F) 
rkF ' 


Let vq := ro + Co + aoPJf, r o > 0,Co S NS(A') be a primitive isotropic Mukai vector on X. We take a 
general ample divisor H with respect to no- We set Y := Mh(v o). Then Y is an abelian surface (resp. a K3 
surface), if X is an abelian surface (resp. a K3 surface). 

By the proof of [Y2, Lem. 2.1], the following lemma holds. 


Lemma 1.1. [Y4, Lem. 2.1] Assume that H is general with respect to vq. 

(i) If Y contains a non-locally free sheaf, then there is an exceptional vector bundle Eq such that 
i>o = rk(Fo)u(FQ ) — gx■ Moreover Y = X and a universal family is given by 

(1.7) £ := ker(FQ ® E 0 -> O a )- 

(ii) If Y consists of locally free sheaves, then they are yi-stable. 


If X is an abelian surface, then Y consists of /x-stable vector bundles. Assume that there is a universal 
family £ on X x Y. Let px : X x Y —> A' (resp. py : X x Y —► Y) be the projection. We define 
T c : D(A) - D(F) by 


( 1 . 8 ) 


F £ {x) := R Py*{£ ®Px(x)),x £ D(A), 


and Eg : D (Y) —> D(X) by 


(1.9) 


Fs(y) := RHom Px (£,pp(y)),y £ D(F), 


where Hom px (—, —) = px*Homo XxY i —) is the sheaf of relative homomorphisms. Bridgeland [Br| showed 


that Tg is an equivalence of categories and the inverse is given by Fg [2]. Fg is now called the Fourier-Mukai 
functor. We denote the i-th cohomology sheaf H l (Fg(x)) by Ff(x). Fg also induces an isometry of the 
Mukai lattices Fg : H ev (X,WI) —> H ev (Y,Z). We are also interested in the composition of Fg and the 
“taking-dual” functor Vy : D(Y) —> D(F) op sending x £ D(Y) to HHom(x,Oy), where D (Y) op is the 
opposite category of D(Y). By Grothendieck-Serre duality, Qg := (Vy o Fg)\2] is defined by 


(1.10) Qg(x) := RHom py (£ <S>P* x (x),Oxxy),x £ D(A). 
Let Qg : ~D(Y) op — > D(A') be the inverse of Qg: 

(1.11) Qg(y) := RHom Px (£ 0 Py{y), Oxxy), y £ D(F). 
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We set wo := u(£| { x }xy) = ro + Co + cl^qy, x G X, £ 0 € NS(Y). For a Q-line bundle L G K(X) 
define 


we 


(1.12) L := det(p Y \(T £ {E))) 

where E is an element of K (X) ® Q with det E = L w and v{E) — — C\{L) + ^(ci(L),£o)f?x- More precisely, 
ci(L) G NS(F) <g) Q is well defined. We usually identify a Q-divisor class D with the Q-line bundle Ox(D). 
Hence D denotes a Q-divisor on Y such that Oy(D ) = Oy(D). Since H is general with respect to vq, H is 
an ample divisor (cf. [Y3]). Every Mukai vector v can be uniquely written as 


(1.13) 


v = lv o + agx + d(H - — (H,£ 0 )g x ) + {D - — (D,£ 0 )qx), 
ro r 0 


where l,a,d€ Q, and D G NS(A’)®QnH*- L . It is easy to see that l = — (v, gx)/rkvo, a = — (v, Vq )/ rkt! 0 and 
d = deg Gl (u)/(rk v 0 (H 2 )), where Gi := f| V Y x{y} for a P oint V e Since = By and T £ {wi) = g x , 

we get 

(1.14) T £ (lv)f + agx + [dH + D - (dH + D, £o)£Ly)) = lB y + awo — (dH -\- D -1- [dH + D, £o)l?y) 

ro r 0 

where D G NS(X) ®Qn H ± . 

Throughout this note, we assume the following two conditions: 

(#1) H is general with respect to w\. 

(#2) £| W x y is stable with respect to H. 

Remark 1.1. The assumption (#1, 2) holds for all general H, if one of the following conditions holds: 

(i) X is an abelian surface, 

(ii) NS(X) “ Z, 

(iii) Y consists of non-locally free sheaves. 

For another example, see [BBH . 

Since T £ is an equivalence of categories, we get the following. 

Lemma 1.2. Let E be a coherent sheaf on Y. Then we have a spectral sequence 

E, p + q = 2, 


(1.15) 

In particular, 


El' q = T p ME)) =► Eg* = 


0, P + qf= 2. 


(i) T§{T${E)) =0, p = 0,l. 

(ii) T p £ [T 2 [E))=0,p=l,2. 

(iii) There is an injective homomorphism T^[Tg[E)) 




2. Counter examples 

In this section, we show that the Fourier-Mukai transform does not always preserve the /x-stability of 
vector bundles even if Y consists of /x-stable vector bundles. 

2.1. Example 1: an abelian surface case. We shall first give an example for an abelian surface X 
with p(X) > 2. We shall treat the p{X) = 1 case later (see Lemma 3.21). Let [X,H) be a polarized 
abelian surface and X the dual of X. Let V be the Poincare line bundle on X x X. Under the natural 
identification H 2 [X,h) = H 2 [X,1i), D G H 2 [X, Z) denotes the Poincare dual of D G H 2 (X,Z). This 
notation is compatible with ( |l,12| ). We shall show that there is a Mukai vector v such that T-p does not 
preserve the stability for all E G Mh[v). 

Assume that there is a divisor D such that ( D,H ) = 1 and (D 2 ) = —2, (and hence we assume that 
p(X) > 2). Then Mu{{r + 1) + D — gx) consists of /x-stable sheaves. By [Y3, Prop. 3.5], we have an 
isomorphism 

(2.1) T v ■ M H ((r + 1 ) + D-g x )-> M & ( 1 + D - (r + 1)^). 

Let Iz{D) be an element of M p (1 + D — (r + 1 )Qx) = X x Hilb^. Applying Tv to the exact sequence 

(2.2) 0-.Iz(S)-4O i (P)-.O z -,0, 
we get an exact sequence 

(2.3) 0->P^£->.F-»0, 
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where P := px*(P w 0p£(C ) z)), E := F^(Iz{D)) and F := Fp(Og(D)) is a line bundle with v(F) = 
1 + D — gx■ By this exact sequence, E is locally free. We consider the Fourier-Mukai transform of a //-stable 
vector bundle E(D). Since P(D) and F(D) satisfy ITi, E(D) also satisfies ITi and P-p(E(D)) fits in an 
exact sequence 

(2.4) 0 - FUP(D)) - E^E(D)) - PUF(D)) - 0. 

Since v(J-]>(P{D))) = r(l + D — gg) and v(F^,(F(D))) = 4 + 2D — gg, we get that 

^ (c^(P(D))),H) ^1 ( Cl (J*(F(D))),H) 

{2 ' 5) 7 ^ > 2 _ 4 ' 

Therefore Fp(E(D)) is not //-semi-stable. 

Remark 2.1. Assume that A is a product of two elliptic curves C\,C 2 : X = C\X C 2 . We set / := {0} x C 2 
and rj := C 1 x {0}. Then H := 2/ + g and D := — / + g satisfy the above conditions. 

2.2. Example 2: a K3 surface case. Let (X,H) be a polarized K3 surface such that Pic(X) = ZIf with 
(. H 2 ) = 2 n. Then vo := k 2 n + kH + gx, k > 0 is a primitive isotropic Mukai vector. We assume that kH is 
very ample. 

Lemma 2.1. Mh{v 0 ) = Mh{ 1 + kH + k 2 ngx) — X and Mh(vq) consists of p-stable vector bundles. 


Proof. We use the Fourier-Mukai functor A/ a : D(X) —> D(X), where I a is the ideal sheaf of the diagonal 
A C X x X. Since kH is very ample, ITo holds for I s , s € X and Fj (I s (kH)) is a simple vector bundle 
with the Mukai vector Vq . Since Pic(X) = Z H, it is also stable ([Mu3, Prop. 3.14]). Moreover Ff & (I s (kH)) 
is //-stable: Indeed let 


(2.6) 0 C F 1 C F 2 C • • • C F s = A 7 ° a (I s (kH)) 

be the Jordan-Holder filtration of Fj (I s (kH)) with respect to the //-stability. Then we can set that 
v{Fi/Fi_ 1 ) = Vi(kn — H) + Oigx , where r/ and dj are integers with 0 < r* < k. Since Fj/Fj_i are //- 
stable, we get (//(Fj/Fj_i) 2 ) = 2rjn(rj — kaf) > —2. If the equality holds, then n = 1, = 1 and k = 1,2. 

In these cases, kH is not very ample. Hence the equality does not hold. Thus r, — /ca,; > 0. On the other 
hand, since ]>A r,; = k and yL a* = 1, we get that ry — = 0 for all i. Since r, ; < k, we should have s = 1. 

Thus Fj (I s (kH)) is //-stable. Therefore we get an isomorphism 

(2.7) M h (vq) - M fl «) -> M h ( 1 + fcH + fc 2 npx) = Ah 


□ 


Remark 2.2. If n = 1 and fc = 1,2, then kH is not very ample. In these cases, we still have isomorphisms 
Mh(v 0 ) = X: Indeed E := Ext 2 2 (I A 0 Trl(I s (kH)),Ox), s € X is a stable sheaf with the Mukai vector vq, 
where 7 Tj : X x X —► X, i = 1,2 are two projections. If k = 1, then F is isomorphic to I S (H). If k = 2, then 
F is isomorphic to ker(ev : Eq 0 Hom(F 0 ,C s ) —> C s ), s € A, where Fo is a stable and rigid vector bundle 
with v(Eq) = 2 + H + gx■ Therefore it is not //-stable. 


Under this identification, we shall construct a universal family on A x A. Let Xj, i = 1,2,3 be three 
copies of A. Let p l: j : Xi x X 2 x X 3 —* A, x Xj and Pi : Xi x X 2 x A 3 —> A, be the projections. We set 

(2.8) £ :=pi 3 .(pi 2 (/A) 0P$ 3 (/a) ®p* 2 {0 X2 {kH))Y. 

We set F 0 := </ 3 *(/a 0 ql(Ox 1 (kH))), where q t : Aj x A 3 —> Xj, / = 1,3 are the projections. Then F 0 is a 
//-stable vector bundle with (u(F 0 ) 2 } = —2 and £ v fits in an exact sequence 


(2.9) 


<Z*(F 0 ) -► Ja 0 qtOxAkH ) -> 0. 


Hence £|x lX {s} = J~i & (Is(kH)), s € X 3 is a //-stable vector bundle with the Mukai vector Uq . Since £ is 
invariant under the natural action of & 2 on Xi x A^ 3 , £|/ s \ x x 3 ; s ^ Ai is also a //-stable vector bundle with 
the Mukai vector Vq . Hence Mjj(v 0 ) = Aj = A 3 and £ becomes a universal family on Aj x X 3 . By (2.9) 
and the 62 -symmetry, we see that 


(2.10) H 1 (Xs, £q s}X A' 3 ) = H\X u ^ XlX{a} ) = 0. 

Remark 2.3. By the exact sequence (|2.9|), we see that £i/ s i x x 3 = Eg(I s ), s G A/, where Q := ker(eu : 
q!(EX)® q* 3 (E 0 ) ->o A ). 
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We consider the Fourier-Mukai transform Fgv : D(Xi) —> D(A 3 ). By the construction of £, we get a 
decomposition: 

(2.11) = ^ {q -^ kH)) o Ti^ : D(Ad) - D(X 2 ) - D(X 3 ). 

Then we see that the induced homomorphism H ev (X i,Z) —> H ev (X 3 ,Z) is given by 

^£ v (l) = 1, 

(2.12) ^£v(0 = -fc(U,£)+£, i&H\X u Z), 

^ r £ v (e.Yi) = k 2 n — kH + gx 3 - 

Lemma 2.2. Let F be a stable sheaf on X 3 with ci(F) = H and H°(X i, F) = 0. Then Hom(L|x 1 x{s} J F) = 
0 , s £ X 3 . 


Proof. Assume that there is a non-zero map <j> : £\ Xl x{s} ’ F. By the stability of £iyix{s}j ci(im^) = 
IH,1 > 0. Since Ci(F) = Ft and F is stable, we see that F/ im<j> is of 0-dimensional. Thus <j> is surjective in 
codimension 1. Since there is an exact sequence 


(2.13) 


O' 


®(fe 2 n+l) 


c. 


we have a generically surjective map n+1 ^ —► F. Hence H°(X i, F) ^ 0, which is a contradiction. □ 


Lemma 2.3. For E £ Mn(r + H ~ agx i) with dim H°(Xi, E) = t, t < r, we haveHom(£\x 3 x{ s }-> E) = 0. 

Proof. Since t < r, we have an exact sequence 

(2.14) 0 ->■ O®* -> E -> F -> 0, 


where F is a stable sheaf with ci(F) = H ([ Yl, Lem. 2.1]). Since H°(Xi,F) = 0 and Hom(£| AlX { s }, ®xf) = 
0, we get our claim. □ 


Lemma 2.4. IT 2 holds for Ox 3 with respect to F £ v. 


Proof. Since Ci(£| AlX { s }) = kH, s £ X 3 , we get that Hom(£|x lX {s} I Ox i) = 0 for s £ X 3 . By ( 2.1(]| ), we get 
that Ext 1 (L|x lX {s}j Oxx) = 0. Therefore the claim holds. □ 


Proposition 2.5. Assume that kn > r. Then for E £ Mn(r + H — ag Xl ) with dim H°(X\, E) < r, ITi holds 
with respect to Few ■ Moreover if 1 + k(r + a) < k 2 n and H l (X\, E) ^ 0, then F £V ( E) is not /i- semi-stable. 

Proof. By Lemma |2.3| , Hom(L|jY lX {s}i F) = 0 for all s £ X 3 . Since kn > r, the stability condition implies 
that Ext 2 (£\ Xl x{s} > F) = Hom(F, L| A - lX {s}) V = 0. Therefore IT 3 holds. 

If Ext 1 (E,0 Xl ) = H 1 (Xi, E) w 0, then we consider the universal extension 

(2.15) 0 -► V ® 0 Xl -» E’ —> E -» 0, 


where V = Ext 1 (E,0 Xl ) v . Since dimU°(Xi, E) < r, by using the Riemann-Roch theorem, we get dimE < 
a, and hence rkF' < r + a. If k 2 n > (a + r)k + 1, then 1/rkF' > l/(r + a) > 1 /(kn). Since E’ is stable 
([Yl, Cor. 2.2]), Ext 2 (L| AlX { s },F') = 0. Therefore ITi holds for E'. By Lemma 2.4, IT 2 holds for 0 Xl - 
Thus we have an exact sequence 


(2.16) 


By ( 2.12| ), we see that 


(2.17) 


0 -> T\x (E') (£?)-> V c g> F|v (G Xl ) -> 0. 


v (Fgv (0 Xl )) — ( k 2 n + 1 ) — kH + gx 3 , 

v(Fg V (E)) = ((ak 2 + 2 k)n — r) — (ak + 1 )H + agx 3 ■ 


Hence 

(2.18) /z(F|v (E))-n{V® F £ 2 V (0 Xl )) 
Therefore T\\, {E) is not /x-semi-stable. 


— 2n(ak + 1) 2 nk 

(ak 2 + 2 k)n — r + k 2 n + 1 


2n(k 2 n — ((a + r)k + 1)) 

((ak 2 + 2 k)n — r)(k 2 n + 1) > 

□ 


If a > r, then H°(X\,E) = 0 for a general E £ Mh( r + H — ag Xl ) ( fril l ). Hence we get the following 
corollary. 


Corollary 2.6. If kn > a > r, then for a general element E £ Mn(r + H — ag Xl ), ITi holds with respect 
to J-£v. Moreover if 1 + k(r + a) < k 2 n, then T\m (E) is not f.i-semi-stable. 
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Remark 2.4. In the above example, we used the moduli space of //-stable vector bundles. For the Fourier- 
Mukai transform induced by a moduli space consisting of non-locally free sheaves, it is much easy to construct 
such an example: For the same E in Corollary 2.6, WITi holds with respect to Er A and J-j (E) fits in an 
exact sequence 

(2.19) 0 ->£?-> E} a {E) -> H\X, E) ® O x -> 0. 

Hence Ej a does not preserve the stability condition. 

3. Asymptotic results 


We keep the notation in section 2.1. For a sem-stable sheaf E on an abelian surface X with v{E) = 
r + £ + agx , £ £ NS(X) and a subsheaf E 1 with v(E\) = r\ + + a\g x , £i £ NS(X), we see that 

deg(X v (EiimH))) deg (E v (E(mH))) 


(3.1) 

and 

(3.2) 


rk(E'p(Ei(mH))) rk {E-p{E(mH))) 

—{fi A mr\H,H) — (f ; + mrH,H ) 

xiE^mH)) x(E{mH)) 

_ (r £l ~ H)m 2 (H 2 )/2 + (rag - na)m(H 2 ) + ((£, fl>i - (gi ,H)a) 

X(Ei(mH))x(E(mH)) 

x{Ev(Ei{mH))) x{Ev{E{mH))) nx{E(mH)) - rx(Ei(mH)) 


rk(E-p(Ei(mH))) rk {E-p{E{mH))) x{Ei{mH))x{E{mH)) 

Hence if m is sufficiently large, then Ei does not induce a destabilizing subsheaf of E-p(E(mH)). 

In this section, we consider the preservation of stability for E(mH), m ^$> 0 under the Fourier-Mukai 
transform Eg : D(X) —> D(K) for a general £ with the conditions (#1, 2). 

3.1. Basic lemmas. Keep the notation in section [l| We set ( H 2 ) = 2n. We assume that £ satisfies 
conditions (#1, 2). We set G\ := £\ X x{ y} an< ^ := £\{x}xY for some x £ X and y € Y. 

We note that 

, , deg G , (E) 1 

(3.3) d := £ --Z. 


r 0 (H 2 ) 2nro 

Lemma 3.1. Let E be a p-semi-stable sheaf with deg q (E) > 0. 

(1) Assume that E satisfies ITo with respect to Eg. Then 

(3.4) max{deg G2 (F)|Kc^(K)}<0. 

(2) Assume that E satisfies WIT2 with respect to Qg. Then 

(3.5) min{deg G v (G)\ Gg(E) —>• G —■> 0} > 0. 

Proof. We shall only prove (1). The proof of (2) is similar. If the claim does not hold, then there is an exact 
sequence 

(3.6) 0 -> Fi -> E° S {E) -> F 2 -> 0 

such that F\ is a torsion free sheaf with // m in,G 2 (-fi) > 0 and F 2 is a torsion free sheaf with /imax,C' 2 (E-i) < 0. 
Applying Eg to this exact sequence, we get a long exact sequence 



0 

— F° e {F{) - 

—> 0 

— E° £ (F 2 ) 

(3.7) 


— H{Fi) - 

—> 0 

— El{F 2 ) 



— EKF,) — 

—> E 

— %{F 2 ) 


-> 0 


Since // m ax,G 2 (E 2 ) < 0, we have Eg{F 2 ) = 0. By HnH n ,G 2 (Ei ) > 0, we see that Eg(F\) is 0-dimensional or 0. 
Since E is torsion free or purely 1-dimensional, E^(Fi) —► E is a 0-map. Hence E\{F 2 ) = Eg{F -\) satisfies 
IT 0 . By Lemma L2, we have an injection Eg(E^{F 2 )) —> Eg{Eg(F 2 )) = 0. Hence Eg(F 2 ) = 0, which implies 
that F\ = 0. Therefore our claim holds. □ 

Lemma 3.2. Under the same assumptions, Hom^ipjxy, Eg(E)) = 0 for all x £ X and the set 

(3.8) S := {x £ X| Ext \£ 1{x}xY ,E° £ (E)) ^ 0} 
coincides with the set 

(3.9) {a; £ X| E ® Ox,x is not free }, 
where O x ,x is the stalk of O x at x. 
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Proof. By Lemma |3.l|, /x m ax,G 2 (•?£(-£')) < 0- Hence the first claim holds. Since WIT 2 holds for F^(E), S is 


a proper subset of X. By the base change theorem, we get our claim. 


□ 


Lemma 3.3. If Hom(£^ x y x y, F) = 0 for all x G X, then F/(F) = Ext* x (£ ,py(F)) is locally free. 

Proof. Since Hom(£|{,,,} x y, F) = 0 for all x £ X, there is a complex of vector bundles V\ —> Vi such that 
PgiF), i = 1,2 are cohomology sheaves. Since X is a smooth surface, F/(F) = Extp X (£,Py(F)) is locally 
free. □ 


The following lemma and its variants will play important roles in subsections |3.2| and [i.' j . 

Lemma 3.4. We set v := Iv q + agx + (dH + D) — (dH + D 1 f 0 )gx/i'o £ H ev (X,Z), where l, a > 0 and 
D £ NS(A) ®Qfl H 2 -. We set N := max{4rQ^ 2 + l/(2n), 2tqI((v 2 ) — (D 2 ))}. Then the following hold: 

(1) If d > N, then for any G 2 -twisted stable sheaf F\ with 

(3.10) v(Fi) = aiWo + hgy — ( d\H + D\ + {d\H + Di,f 0 )gy/ro), 0 < d\ < d and d\/a\ < d/a , 
we have h < ld\/d. 

(2) If d > N, then for any G\-twisted stable sheaf E\ with 

(3.11) v{Ei) = IiVq + aigx + (d\H + D\ - ( d\H + Di,f 0 )g x /r 0 ), 0 < d\ < d and d\/l\ < d/l, 
we have a\ < adi/d. 


Proof. We set s := (v 2 )/2 = —rgla + d 2 n + (D 2 )/2. We shall first prove (1). Let F\ be a G 2 -twisted stable 
sheaf with v(F{) = aiWo + hgy — (d\H + D i + (diH + Di,f 0 )gy/ro), 0 < di < d and d\/a\ < d/a. By 
( |3.3[) , we get that l/(2nro) < d\ < d — l/(2nro). We note that 

( v(Fi ) 2 ) = 2 nd\ - 2ha\ro + (D\) 

< 2 nd\ — 2lirod±a/d 


(3.12) 


= 2nd 2 — 2Zi7"o 


= 2 nd\ — 21 id i 


di dfn — s + (D 2 )/2 
d r$l 

dfn — s + (D 2 )/2 
dl ' 


We first show that li < l for d > N. Assume that l\ > l. By ( 3.1 2| ) , we see that 

—2e <(u(Ei) 2 ) 

<2 d\n - 2(d 2 n - s + (D 2 )/2)d 1 /d 
s-(D 2 )/2' 


(3.13) 


=2nd\ di — d + 


dn 


We set rai := max{4ro + l/(2nro), 2ro((u 2 ) — (Z) 2 ))}. We note that N > n±. We shall show that 


(3.14) 


2nd\ di — d + 


s-(D 2 )/2 

dn 


< —2e 


for d > m. Then by (3.13), we get a contradiction. Therefore we have l\ < l for d > ni. 
Proof of (3.14): It is easy to see that (3.14) follows from the following inequality: 

1 


(3.15) 


d- 


s-(D 2 )/2 

dn 


> max ■{ di -\ -— 

ndi 


di — 


i 


2nro 


,d- 


2nro 


for all d > ni. Hence we shall show ( 3.15 ): For d > ni, we have n(d — l/(2?rro)) > 4nro and (s — 
(D 2 )/2) / (dn) < l/(4nr 0 ). Hence 

s-(D 2 )/2 


(3.16) 


d- 


1 1 

2nro n(d — 1/ (2nro)) 


< d — 


1 


2nrg 4nro 


= d — t —— < d — 


4nro 


dn 


We also get that l/(2nro) + 2ro < — l/(4nro) + 1 + 2r 0 < — 5 ^^ 2 + d. Therefore ( |3.15 ) holds. 
We next show that li < ldi/d. By (3.12|), we get that 


(3.17) 

We note that 

(3.18) 


h 


—2e < (v(Fi) 2 ) < 2ndi di - -±d + -±-(s - (D 2 )/ 2) . 


h 


dnl 


h 


h 


2ndi [[di - X d + -±-( 8 - (D 2 )/2) < —2e 


dnl 

7 































if and only if (li/(dnl))(s — (D 2 )/ 2) < lid/l — (di + e/(ndi)). We shall show that (h/l)d — di < 0, if d is 
sufficiently large. Assume that (li/l)d — d± > 0. Since l/(2nro) < d\ < (l\/l)d— l/{2nlr//), we get that 

(3.19) hd/l - (di + e/{nd\)) > min jzi d/l - 1/(2 nr 0 ) - e2r 0 , 1/(2 nlr%) - _ i/(2?dr 0 ) 2 ) 

We set ri 2 := 4 l 2 rg + 1/(2 n). Then we see that n(l\d/l — l/(2nZro)) > Anlr^ for d > n 2 . We set 713 := 
2ro/ + Z/(2n) + l/(4nro). Then we get that hd/l — l/(2nr 0 ) — e2ro > l/(4nZro). Hence l\d/l —(d\+e/(nd\)) > 
l/(4nZrg) for d > max{n 2 , n. 3 }. So if d > maxjni, ?r 2 , 773 ,4tqZ(s — (D 2 )/2)} = N, then (v(Fi) 2 ) < — 2e, which 
is a contradiction. Therefore (l\/l)d — d\ < 0 for d > N. 

We next prove (2). Assume that ai > dia/d. Since (v(Ei) 2 ) = {v{F \) 2 ), by the same argument, we get 
contradiction. Therefore ai < d±a/d for d> N. 


If d\ = d, then we can show the following: 


Lemma 3.5. The same claims in Lemma 3.4 hold, if di = d. That is, 

(1) if d > N, then for a G 2 ~twisted stable sheaf F\ with 

(3.20) v(Fi) = aiwo + hgy — ( d±F[ + Di + (d\H + Di,t;o)gy/fo), d± = d and 0 < d\/a\ < d/a, 
we have l\ <1. 

(2) If d > N, then for any Gi-twisted stable sheaf E\ with 

(3.21) 1 ’{Ei) = l iVq + a\Qx + (d±H + Di — {diH + D\, £o)f?x /ref), di = d and li > l, 
we have cii < a. 


Proof. We shall only prove (1). If li > l + 1/ro, then we get 

(v(F 1 ) 2 )<(v 2 )-(D 2 )-2a 

(3-22) _ —(2 nd 2 ) + ( lr 0 + 1){{v 2 ) - (D 2 )) 

O’ 0) 

Since d > 4 ?~qZ 2 , we get nd 2 > Anr^Pd. Then we see that nd 2 > Anr^Pd > ( Iro + l)({u 2 ) — (H 2 )) and 
nd 2 > 7z(4rgZ 2 ) 2 > 2Wq, and hence (u(.Fi) 2 ) < —2. Therefore we get our claim. □ 

Lemma 3.6. We set v := agx + (dH + D) — A -(dH + D, f,o)gx G H el '( X,Z), where D £ NS(X) ^QClF 2 -. 
We set N := max{((u 2 ) — (D 2 ))/2,2tq + 1}. Then the following hold: 

(1) If a > N, then for any G 2 ~twisted stable sheaf Fi with 

(3.23) v(Fi) = aiwo + l\Q y — {d\H + D\ + (d\H + -Di, £o)z?>V r o)> di < d and 0 < d\/a\ < d/a, 
we have h < 0. 

(2) If a > N, then for any G\-twisted stable sheaf Ei with 

(3.24) v(Ei) = hvg + a\Qx + ( d\H + D\ — {diH + Di,^ 0 )g x /r 0 ), 0 < di < d and h > 0, 
we have a\/d\ < a/d. 


Proof. We shall only prove (1). Let F\ be a G 2 -twisted stable sheaf with 


(3.25) v{F\) = a\Wo + hgy — (( diH + D\) + (d\H + D\, £,o)gy/ro), d\ < d and 0 < d\/a\ < d/a. 


Assume that Zi > 0. Then r^l\ > 1, and hence we see that —2e < (tj(J 7 i) 2 ) < d\{H 2 ) 
d\{H 2 ) — 2ai < d\(H 2 ) — 2ad\/d. We set 


(3.26) 


e 

77 1 := max ^ d | —-—di + — 
2 d\ 

'( 2 ) £ 

= max <, d ( ——— di + — 
2 d\ 


ro(H 2 ) 
di = 


< di < d — 


d- 


1 


ro(H 2 ) 

1 


ro (Id 2 )’ r 0 (H 2 ) 


2roZiai < 


Then we have d\{H 2 ) — 2ad\/d < — 2e for a > m. Therefore Zi < 0 for a > ni. It is easy to see that 
N := max{((« 2 ) — ( D 2 ))/2,2ro + 1} > 711 . Hence (1) holds. □ 


We can also show the following. 


Lemma 3.7. Keep the notations in Lemma 3.t 

(1) If a > N + 1, then for any G 2 ~twisted stable sheaf F\ with 

(3.27) v(Fi) = aiwo + hgy ~ {diH + Si + (di-ff + D ly £ 0 )g Y /r 0 ), di 
we have l\ < 0. 


d and 0 < di/ai < d/a, 


□ p 














(2) If a > N + 1, then for any Gi-twisted stable sheaf E\ with 
(3.28) v(E 1 ) = hv% + a\Qx + ( d\H + D\ — ( d\H + Di,fa)gx/ro), d\= d and l\ > 0, 

we have ai/di < a/d. 

Corollary 3.8. Under the same assumptions as in Lemma \ 3. (\ . or \3.\ , let F be a p-semi-stable sheaf with 
v(F) = Fe(v) = awo + Ipy — ( dH + D + (dH + D , fa)P y /ro). Then F is G 2 ~twisted semi-stable. Moreover, 
if F is G 2 ~twisted stable, then it is p-stable. 


Proof. Assume that F is not /z-stable. Let 

(3.29) 0 C Fi C F 2 C • • • C F s = F 

be the Jordan-Holder filtration of F with respect to the ^-stability. We set v(Fi/Fi_i) = aiWo + Uqy — 
(diH + Di + ( diH + Di,£o)QY/ro). Applying Lemma 3.6, or 3.4 to each we get that U < ldi/d. 

Then we see that f < )Tb ldi/d = l. Since U = l, we have U = ldi/d for all i. Since di/at = d/a, we 
get li/tti = l/a, which implies that F is G 2 -twisted semi-stable. By the same proof, we also see that F is 
^t-stable, provided that F is G 2 -twisted stable. □ 


Remark 3.1. Under the conditions as in Lemma [L7|, or 3.5, let F be a ^t-semi-stable sheaf with v(F) = 
Fe(v) = awo + IpY — ( dH + D + (dH + D, Co )Py/i"o). Then we can easily show that F is locally free. 


Remark 3.2. Assume that l > 0. We set w := aw o + Iqy — (£ + (£, fa)QY/i'o). If (faH)/(H 2 ) > N and 

(3.30) mm{-(D 2 )\(D,H) = 0 ,D £ NS(A) \ {0}} > ( r 0 l) 2 ((w 2 > + 2(r 0 /) 2 e)/4, 

then H is a general polarization with respect to w. 

Proof of the claim: Assume that there is an exact sequence 

(3.31) 0 -► F 1 -► T° £ (E) F 2 -> 0 
such that F\(^ 0 ) is a /Lt-semi-stable sheaf with 

(3.32) u(Fi) = vx ■.= axWo + liQy - (fa + (fa,fa)QY/r 0 ),(fa,H)/a! = (faH)/a 
and F%( 0) is a //-semi-stable sheaf with 

(3.33) v(F 2 ) = v 2 ■■= a 2 w 0 +l 2 QY - (fa + (fa, fa) By /ro), (fa, H)/a 2 = ( faH)/a. 

By Lemma [>.![ . we see that l\/a\ = fa/a 2 = l/a, and F\ and F 2 are G 2 -twisted semi-stable sheaves. Then 
we see that (vf) > —2lfr 2 e. By a simple calculation, we have an inequality 

(3.34) rlhl 2 ((w 2 ) + 2rgZ 2 e) > -((r 0 l 2 fa - r 0 hfa) 2 ). 

Since r 0 l 2 fa - r 0 l 1 C 2 = (roh)ci(F£(vi)) - ( r 0 li)ci(F£(v 2 )) £ NS(A'), we get our claim. 


3.2. Weak index theorem. We shall give some conditions under which WITj holds with respect to Te or 

Qe- 


Proposition 3.9. We set w := aw 0 + Iqy — (dH + D + (dH + D,fa)gy/ro). Let F be a G 2 ~twisted stable 
sheaf with v(F) = w. If 

(3.35) > max{4Zrg + l/(2nr 0 Z), 2r 0 ((w 2 } - (D 2 ))}, 

TqL 

then WIT 2 holds for F with respect to Te and 1 T £ (F ) is torsion free. 


Proof. By Corollary 3.S and Remark 3.1, F is a /z-stable vector bundle. Assume that Ext 1 (f|{ Xi } x y, F) y^ 0 
for X\,X 2 , ■ ■ ■ ,x n £ X. We take non-zero elements fa £ Ext 1 (fq a;i } x >-, F), 1 < i < n, and we consider an 
extension 


(3.36) 


0 -> F 


© £ \ 

2=1 


|{a?i}x Y 


0 


whose extension class is given by (fa, fa ,..., <j> n ) £ ©” = i E*t l (£\{ Xi } xY , F) = Ext 1 (®" =1 £\{ Xi }xY, F)- Let 
(3.37) 0 C Fx(I) c F 2 (I) C ■ • • C F s (I) = I 


be the Harder-Narasimhan filtration of I with respect to the G 2 -twisted semi-stability (if s = 1 , then I 
is G 2 -twisted semi-stable). We set R := F t (I)/ F,_i(7) and v(I/) := eqwo + Uqy — (diH + Di + (diH + 
Di,fo)gY /ro). Then —d\/a\ > —^ 2/02 > ••• > — d s /a s . If —d\/a\ > 0, then d\ = 0 and the natural map 
h - ©r=i £\{ Xi \ X Y is injective. We first assume that £\{ Xi \xy is locally free. Then fa is also locally free 
and I\ contains a /r-stable locally free sheaf I[ with the same slope as that of I\. Then I( = £\s Xi \ X Y f° r 
some i, which is a contradiction. Therefore we get e?i > 0, which also implies that di > 0 for all i. Since 
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Yi di = d , we have di < d for all i. Let /' be a /r-stable quotient of I s with the same slope as that of I s . If 
d s /a s > d/a , then d s /a s = d/a and we have an injective homomorphism F —> /', which is a contradiction. 
Thus d s /a s < d/a , which implies that dj/aj < d/a for all i. By our assumption ( 3.35 ), Lemma |3.4| (1) 
implies that li/l < di/d. Then Yi h/l < Yi di/d. Since Yi k/l = Yi di/d = 1 , we get that U/l = di/d for 
all i. Then we see that 

(v(Ii) 2 ) — (Df) _ 2 ndi — 2rohai 


(3.38) 


= y~^( 2 n-/-dj - 2r 0 ai) 

H 

i 

— 2n J ^2^1 - 2 r 0 ^2 a i 


2nd 2 — 2 r 0 la 

1 

w?) - m 

l 


Since /,; are G 2 -twisted semi-stable, Lemma 3.10 below implies that ( v{Ii ) 2 ) > —2(rok) 2 e. On the other 
hand, we get ( v(I ) 2 ) — ( D 2 ) = ( w 2 ) — (F 2 ) — 2nlro- Hence n is bounded above, which implies that WIT 2 
holds and F|(F) is torsion free. 

We next assume that £\ { Xi }xY is not locally free. Then £\{ Xi )xY = ker(Fo ® Hom(Fo,C Xj ) —> C Xi ) (see 
©)■ We set to := rkFo. We shall show that 

(3.39) Ext 1 (Fo, F) = 0. 

Assume that Ext 1 (A, F) 7 ^ 0. We consider a non-trivial extension 

(3.40) 0^F^N^E o ->0. 

Let 

(3.41) 0 C F±(H) c Fi [ N ') C • • • C Ft(N) = N 


be the Harder-Narasimhan filtration of N with respect to the G 2 -twisted semi-stability. We set 

(3.42) v(Fi(N)/F i _ 1 (N)) = a t w 0 + key - (d z H + A + (diH + A,fo)py/r 0 ). 

Then — d\/a\ > —di/ai —dt/at- By the same argument as above, we see that li/l < di/d. Since 

Yi h = l + 1/to and Yi. di = d, we get a contradiction. Therefore Ext^AjF) = 0 . Assume that I is not 
locally free. We set J := {z | I is not locally free at Xi } and I\ := {1, 2,..., n} \ J. Then we have an exact 
sequence 

(3.43) 0 -► F' -> / vv -> 0 A ® Hom(£’o, C Xi ) — 5 • 0 

ieJ 

where F' fits in an exact sequence 

(3.44) o_>ir_>ir'_ > 0£| {a! 4 }xy _ f o. 

ieK 

Since Ext 1 (E 0 , £\{ Xi }xy) = 0, we get that J vv = F' ® 0 ieJ A ® Hom(F 0 ,C Xi ). Then we see that I = 
F ' © ©tGJ^IGilxF, which is a contradiction. Therefore I is locally free. In the same way as above, we get 
the relation ([1.3§|). Hence we also get our claim. □ 


Lemma 3.10. Let F be a G 2 ~twisted semi-stable sheaf with v(F) = w := awo + Igy — (dH + D + (dH + 
D, £ 0 )Qy/ro)■ Then ( w 2 ) > —2 g 2 , where g := gcd(aro, A)- 


Proof. Let 

(3.45) 0 C A C F 2 C • • • C F s = F 

be the Jordan-Holder filtration of F with respect to the G 2 -twisted stability. We set u(Fj/F,;_ 1 ) := aiW 0 + 
Uqy ~ (diH + Di + ( diH + A, £c ))qy/i"o)- Then we can write (a,To, Ao) = ki(aro , lro)/g, where hi £ Z. Since 
Yi=i k i/9 = 1, we get that s < Yi=i = 9 > which implies that ( w 2 ) = YI j=i( v ( F i/ F i- i)> v(Fj/Fj- 1 )) > 
Yi,j=i(—2) = —2s 2 > —2g 2 . ’ □ 
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Proposition 3.11. We set v := Ivq + agx + ( dH + D) — ( dH + D,£ 0 )qx /tq, where D G NS(A1) 8 Q fl ff 1 . 
Let E be a p-stable sheaf with v(E) = v. If 

(3.46) > max{4 lr% + 1/ (2 nr 0 l), 2 r 0 ((v 2 ) - ( D 2 ))}, 
then ITo holds for E with respect to J-£. 

Proof. Assume that H x (X, £\xx{y} ® E) = Ext 1 (£|_ Y x{y} ® E, Ox) v ^ 0. 

(I) We first treat the case where £ is locally free. We consider a non-trivial extension 

(3.47) 0^ xW 
Let 


(3.48) 0 C F^I) c F 2 {I) c ■ ■ ■ C F S (I) = I 

be the Harder-Narasimhan filtration of I with respect to the /i-semi-stability (if s = 1, then I is p- semi¬ 
stable). We set Jj := F i (I)/F i _ 1 (I) and «(/;) := + aiQ X - (diH + A + (djH + A, £o)£>W r o)- Then 

di/h > di/li > • • • > d s /l s . In the same way as in the proof of Proposition |3.9| . we see that di > 0 and 
d/l > d\/l\. Assume that s > 1. Then di < d for all i. By our assumptions, Lemma 3.4 implies that 
ai < adi/d. Then we see that a = )Tb a i < 7"),- ad j/d = a, which is a contradiction. Thus s = 1. If I is 
properly /i-semi-stable, then we can apply Lemma 3.4 again, and we get a contradiction. If / is /r-stable, 
then by Lemma 3.5 (2), we get a contradiction. Therefore we conclude that H 1 {X 1 £\xx{y} < 8 > E) = 0 for all 
y e Y. 

(II) We next assume that £ is not locally free. We take a locally free resolution 

(3.49) 0 Pi -> V 0 -*• £ s -*• 0 

of £ s such that Ext*(Vo, -Eq ) = 0 , i > 0 . Then Ext 1 (Vi,jE?o) — Ext 2 (£ s , Eq ) = Hom(.Eg , £ s ) v = 0 . We may 
assume that H°(X. Vq 8 Eq) = 0. We note that 

Ext 1 (£ s 8 E, Ox) = Ext 1 ((Vi -► V 0 ) 8 E, O x ) 

= Ext 1 (£’, V)/ —> Vi) 

Id/) parametrizes diagrams 


(3.50) 

and Ext 1 (A V 0 X 

(3.51) 


0 


P7 

T 

K> v 


E 


0 . 


Moreover <j> : I = Vq ® E —> Vf' with (f>(E) = 0 defines the 0 G Ext 1 (A Vq 
we get the following exact and commutative diagram: 

0 


Vi). For a diagram ( 3.51 ), 


im V 0 v 


P7 


C, 


(3.52) 0 -► V 0 V -*• I -> E -> 0 


0 -> E® to -> I' -> E' -> 0 


0 0 0 

where I' := ker(J —> V^) and E' := ker {E —> C s ). If E —» C s is a zero-map, then /' gives an extension of E 
by E® to . By the same argument as case (I), we see that Ext 1 (A Ad) = 0 . Hence we get a splitting E —> I', 
which implies that ( |3.51[ ) is the trivial class. If E —► C s is non-trivial, then / —> V x v is surjective. 

Claim 3.1. Hom(AA) = 0 . 

Proof of Claiin [b~T|: We note that Ext 1 (Vi v , Ad) = Ext 1 (£))(, Vi) = Ext 1 (P L , Eq ) v =0. Hence Hom(J, Eq) - 
Hom(A A) is surjective. On the other hand, by the stability condition on E, we see that Hom(/, Ad) —► 
Hom(V)) V , Eq) is injective. Since Hom(V' 0 v , Eq) = H°(X , Vo 8 Eq) = 0, we conclude that Hom(/', E 0 ) = 0. 

Since v(I') = v(E) — gx + tov(Eo) = v(E) + v (£ s ) v , applying the same arguments as case (I) to we 
see that Ext 1 (A Vq —> Vi v ) = 0 . □ 


li 





























Corollary 3.12. Keep notation as above. Let E be a Gi-twisted stable sheaf with v(E) = v. 

( 1 ) If 

(3.53) > max{4Zrg + 1,2 r 0 ({v 2 ) - (D 2 ) + {r 0 l) 2 / 2)}, 
then ITo holds for E with respect to Ts- 

(2) If ( v 2 ) > 0 and H is general with respect to v, then for a stable sheaf E with 

(3.54) > max{4^Q + 1, 2 r 0 ({v 2 ) - (D 2 ))}, 

ITq holds with respect to Fe- 


Proof. Let 

(3.55) 


0 C Fx C F 2 C ■ ■ ■ C F s = E 


be the Jordan-Holder filtration of E with respect to the ^-stability. We set Ei := Fi/Fi_x and v(Ei) := 
IiVq + aiQx + (diH + Df) — (diH + Di,t;o)gx/ro, where Di £ NS(X) ®Qfl H 2 -. We first prove (1). Since 
(v(Ej) 2 ) > — 2 > — 2(rkl5j) 2 , by using the equality (( v 2 ) — ( D 2 ))/rku = J2j(i v (Ej) 2 ) — ( D 2 ))/ rk Ej, we see 
that (v(Ei) 2 ) - (D 2 ) < (v 2 ) - {D 2 ) + 2xkEi(vkE - xkEf). Since rk^^rkE - rk^) < (rkS) 2 /2= {r 0 l) 2 /2, 
we get our claim. 

We next prove (2). Since H is general with respect to v, Cx(E) / r k(E) = C\(Ef)/ rk_E) for all i. We shall 
show that (v(Ei) 2 ) < (v 2 ). Then our claim follows from Proposition 3.11. 


If there is not a /r-stable sheaf G such that {v(G) 2 ) = —2 and c\{E)/ rkE = Ci(G)/rkG, then (v(Ei) 2 ) > 0 
for all i. Hence ( v{Ei ) 2 ) < ( v 2 ). We assume that there is a /x-stable sheaf G such that ( v(G ) 2 ) = —2 and 
c\(E)/rkE = Ci(G)/ rkG. It is sufficient to prove the following claim. 

Claim 3.2. Let £ be a /x-semi-stable sheaf such that C\(E)/ rkE = Ci(G)/rkG and Hom(G, E) = 0. Let 
0 C Fx C F 2 C • • • C F s = E be the Jordan-Holder filtration of E with respect to the /r-stability and set 
Ei := Fi/Fi-x- Then ( v(Ei ) 2 ) < {v{E) 2 ). 


Proof of Claim 3.2: We note that (rkG, Ci(G)) is primitive. Hence we can set v(E) = nv{G) — agx 


where n and a are positive integers. We shall prove our claim by induction on n. Since Ei are /r-stable, we 
can write v^Ef) = mv{G) — aigx , £ti > 0. Hence 0 < at < a for all i. Then ( v{Ei ) 2 ) < 2ni{arkG — nf). 
Since x(arkG — x) is increasing for 0 < x < arkG/2, we see that ( v(Ei ) 2 ) < ( v(E ) 2 ), if in = 1. If 
(v(E),v(G)) = arkG — 2n > 0, we also see that ( v(Ei ) 2 ) < ( v(E ) 2 ) for all i. We assume that (v(E),v(G)) = 
a rk G — 2n < 0. Then k := dimHom(£i, G) > —(v(E), v(G)) > 0. We note that <j> : E —> G <S> Horn (E, G) v 
is generically surjective. Hence we can set that v(ker <p) := v{E) — kv(G) + bgx, 0 < b < a. Since 
(im<))) vv = G® fc and our claim holds for Ej with = 1 , it is sufficient to show our claim for Ei in ker <f>. 
Since (u(ker (f) 2 ) = (v(E) 2 ) — 2k((v(E),v(G)) + k) — b(n — fc)rkG < ( v(E ) 2 ) and Hom(G, ker0) = 0, by 
using the induction hypothesis, we get our claim. □ 


Remark 3.3. If NS(X) = ZiL, then the same assertion holds for an isotropic Mukai vector: In this case, we 
may assume that there is a /Lt-stable vector bundle G with ( v(G ) 2 ) = —2 such that E = ker(Hom(G, Ca,)< 8 >G —> 
C x ). Then E fits in an exact sequence 

(3.56) 0 -> G’ -> E G®^ 0-1 ) -> 0 

where G is the kernel of a surjective homomorphism ip : G —> C x . Then we get ( v(G' ) 2 ) = 2(rkG — 1). 
Hence ( 4rorkE + 1) — 2ro(v(G') 2 ) = 4?' 0 (rkG 2 — rkG) + 4ro + 1 > 0. Applying Proposition |3.11| to G', we 
see that ITq holds for G', and hence for E. 


Proposition 3.13. We set v := agx + ( dH + D) — ( dH + D, £,o)gx /To € H ev {X 1 Z), where a > 0 and 
D £ NS(X) ®Qfl H 2 -. Let E be a Gx-twisted stable sheaf with v(E) = v. If 

(3.57) a > max{2r 0 + 1, ((?; 2 ) - {D 2 ))/2 + 1}, 

then ITq holds for E with respect to Ts- 


Proof. Assume that H 1 (X 1 E\ x-x.{y} ®E) = Ext 1 (f|.Yx{y} ® E, O xY ^ 0. We only treat the case where £ is 


locally free. The other case is similar to the proof of Proposition 3.11. We consider a non-trivial extension 


(3.58) 0 - £? Xx{ y} - I - E 0. 

Assume that I is not p,- semi-stable. Let Iq be the torsion submodule of I and 


(3.59) 0 C Fx(I/I 0 ) C F 2 (I/I 0 ) c • • • C F s (I/Iq) = I/I 0 

the Harder-Narasimhan filtration of I/Iq. We set R := Fi(I // 0 )/T(_i(// /o) and v(Ii) := Uvq + aigx + 
(diH + Di — (diH + Di,£ 0 )gx/ro), I < i < s. Then we see that dx/h > d 2 /l 2 > ■ ■ ■ > d s /l s > 0. We 


12 







also set v(Io) := clqQx + (doH + D 0 — ( d^H + D 0 ,^ 0 )gx/ro). We note that the natural homomorphism 
Io —* I —* E is injective. Since E is Gi-twisted stable, ao/do < a/d or Iq = 0. If do = d, then we see that 
the exact sequence splits. Hence we get do < d. Since k > 0, we get that at < dta/d for * > 0. Then we 
see that a = oq < X^=o a di/d = a, which is a contradiction. Thus I is /x- sem i-stable. If I is properly 

^-semi-stable, we also get a contradiction. Therefore I is /^-stable. By Lemma T5, we get a contradiction. 
Therefore H 1 (X, £\xx{y} ® E) = 0 for all y £ Y\ □ 

3.3. Asymptotic stability theorem. 

Proposition 3.14. Assume that conditions (#1,2) holds. Let E be a G\-twisted stable sheaf with v(E) := 
v = agx + (dH + D) — (dH + o)gx/fo- If a > max{2ro + l, {(v 2 ) — (D 2 ))/2 + l} ; then F £ (E) is G 2 -twisted 
stable. In particular Fs induces an isomorphism 

. A /1G2 


(3.60) 


M%(vy 




Proof. By Proposition 3.13, ITo holds for E. We assume that F £ (E) is not G 2 -twisted semi-stable. Then 
there is an exact sequence 

(3.61) 0 -> F 1 -> T° £ (E) -> F 2 -> 0 
such that F\ (# 0) is a G 2 -twisted stable sheaf with 

(3.62) v(F 1 ) = apwo +hgy - {{diH + D\) + {d\H + Di, ^o)qy/to), di/ai < d/a 

and F 2 (=£ 0) is a torsion free sheaf with t‘max,G 2 (^ 2 ) < 0. Applying Lemma [3~7i|. we see that l\ < 0. Since 
F\ satisfies WIT 2 , we conclude that Zi = 0. Since F £ (E) is not G 2 -twisted semi-stable, we may assume that 
di/ai < d/a. Since F\{F\ ) is a torsion sheaf, F £ (F 2 ) is also a torsion sheaf. By Lemma T3, F £ (F 2 ) = 0. 
Then F £ {F \) is a destabilizing subsheaf of E, which is a contradiction. Thus F £ (E) is G 2 -twisted semi¬ 
stable. By the same proof, we also see that (1) F £ (E) is G 2 -twisted stable, provided that E is Gi-twisted 
stable, and (2) T £ preserves 5-equivalence classes. Hence we have a morphism / : M,/ (v) —* Mg (Fs{v)). 

T7G1 / w / W • 


Let M^(v) (resp. M9 2 [F £ (v))) be the closure of M^^v) in (v) (resp. M9 2 [F £ (v)) in M'g [F £ {v))). 


H 


H 


Then / induces a morphism f : M^ 1 (v) — > M c / 2 (F £ (v)). By Corollary |3.8|, M 1 // 2 (F £ (v)) consists of /r-stable 


H 


sheaves. Let H’ be a general ample divisor on Y such that Q+H' is very close to Q+H. Then M9 2 (F £ (v)) 

H 


is contained in M^f (F £ {v)) = M H QF £ (v)). By the irreducibility of M H i{F £ {v)) ]Y4| ], M9 2 (F £ (v)) is also 
irreducible. Hence f is surjective. Therefore M^ 1 (v) —> M ? 2 (F £ (v)) is also surjective. Since this morphism 
is an immersion, it is an isomorphism. □ 


Definition 3.1. Let v be a Mukai vector with rku = 0. A polarization H is general with respect to v and 
G £ E(X) ® Q, if for a G-twisted senri-stable sheaf E with v(E) = v and a non-trivial subsheaf F of E, 


(3.63) 


Xg{F) 

(ci(F),H) 


Xg{E) 

(ci(E),H) 


if and only if v(F) £ Qv. 


If (■ v{G ), v) # 0, then there is a general polarization: For an effective divisor class £ £ NS(X), we set 
(3.64) Dj := {£2 £ NS(X)| £j and £ — £1 are represented as effective divisors and (£ 2 ) > — 2e}. 

Then Dc is a finite set. We set £ = c\(v). 

(*1) Assume that ((v(G),v)£ 1 — bQH) # 0 for all £1 £ D^ and b £ Z with 0 < | 6 | < |(u(G),t))| and 
MG),t))£r- 6 £# 0 . 

Then H is a general polarization with respect to v and G. 

Assume that H satisfies this condition for v and Gi- Then H also satisfies this condition for v exp(mlL) 
and Gi. We assume that a := —(vQ,v)/ro d = deg Gl (f)/(ro(-ff 2 )). 


Claim 3.3. H is a general polarization with respect to F £ {v) = awo — (£ + Py) (cf. Definition [L 


Proof of Claim 3.3: Assume that there is a filtration 


(3.65) 0 C Fi c F 2 C • • • C F s = F 

such that F i /F i _ 1 , 1 < i < s is a G 2 -twisted stable sheaf with v{F i /F i _ 1 ) = aiW 0 — (£j + Py). Then 
(v(Fi/Fi- 1 ) 2 } > —2e for all i. Hence (£ 2 ) > —2e. Since (£i,H)/ai = (£, H)/a > 0, £* is represented by an 
effective divisor. In particular £1 and £ —£1 are effective. Thus £1 belongs to D £ . Hence we get our claim. □ 
Under the assumption (*1) on H and a, we see that F £ induces an isomorphism 

(3.66) M^{v) ss ^Mf{F £ {v)) ss , 
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if A4 ( / I 1 {v) ss # 0. For the non-emptyness of M/jf (v) ss , see Remark 3.4 


Gw 


The following corollary is a supplement to ||Y.'j|. Thm. 8.1] and [Y4|. 


Corollary 3.15. Let X be a K3 surface or an abelian surface. Assume that rk-u = 0 and # 0. 

Then Mh{v) is a normal variety, if H is general with respect to v. Moreover if X is a K3 surface and v is 
primitive, then Mh{v) is an irreducible symplectic manifold which is deformation equivalent to Hilb^’ ^ 2+1 . 

Proof. If X is an abelian surface, we assume that £ is the Poincare line bundle on X x X and if X is a K3 
surface, we assume that £ = I a, where A C X x X is the diagonal. We set v = £ + agx ■ We assume that 
M H (v) # 0- Since H is general, M H (v) is normal and M H (v) is an open dense subscheme of M H {v). Hence 
we shall show that is irreducible. Replacing v by cch (H®™), we may assume that a !§> d = ( t;,H ). 


By Proposition 3.14, we have an isomorphism M#(£ + agx) —> M?>(a — £). Since M?>(a — £) consists of 


/Lt-stable vector bundles, Mg.(a — £) is contained in M#/( a — £), where H’ is a general ample divisor on Y 

a 


such that Q+H' is very close to Q + H. By |Y4| , it is irreducible. Hence we get our claim. 

Remark 3.4. We note that a torsion free sheaf on an irreducible and reduced curve is stable. Hence if there 
is an irreducible and reduced curve G with C = Ci(v) G NS(X), then M H (v) is not empty. We first assume 
that X is an abelian surface. Hence if C\{v) is not primitive, then Mjj[y) is not empty. If Ci(v) is primitive, 
then the non-emptyness comes from [Y3|. We next assume that X is a K3 surface. If c\(v) is nef, then there 
is an irreducible and reduced curve G with C = Ci(u) € N S(X), unless Ci(t;) = a + nf, where a is a section 
of an elliptic surface n : X — > P 1 and / a fiber of n ( ] [5D| ). On an elliptic surface n : X —> P 1 , it is easy to 
construct a stable sheaf on a curve C with C = o + nf G NS(A'). Therefore Mh(v ) ^ 0, provided that ci(u) 
is nef. 

Theorem 3.16. Assume that conditions (#1,2) holds. Let E be a G\-twisted semi-stable sheaf with v{E) = 
v Ivq + agx + (dH + D) — ( dH + D , £,o)gx/i~o, where D G NS(X) 0Q(1 H ± . If Ir o = 1,2 and 

d 


(3.67) 


rol 


> max{4^o + 1,2 r 0 ((v 2 ) - (D 2 ) + (r 0 l) /2)}, 


then Eg(E) is G 2 ~twisted semi-stable. In particular, Ts induces an isomorphism 


(3.68) 


M%{v)‘^Mf {E £ {v)) 


Proof. By Corollary 3.12, E satisfies ITo- Assume that there is an exact sequence 

(3.69) 0 -> Fi -> E° e {E) -> F 2 0 
such that F\ (# 0) is a G 2 -twisted stable sheaf with 

(3.70) v(Fi) = aiw 0 + hqy - ( d\H + D 1 + {d\H + D 1 ,f o )g Y /r o ),0 < di/ai < d/a 

and F 2 (^ 0) is a torsion free sheaf with /r maXj G 2 (F 2 ) < 0. Since 0 < ai < a, we get d\ < da\/a < d. 


Applying Lemma 3.4 to the sheaf F\, we get that l\ < ld\/d. In the exact sequence (3.7), Lemma ^lj implies 
that Fg(F 2 ) = 0. Hence WIT 2 holds for F \, which implies that l\ > 0. By Lemma 3.3, F\ (F 2 ) is torsion 
free. Since E is also torsion free, T\(F\) is a torsion free sheaf of rank liro < lr$ < 2. If rku = 1, then 
iF £ (F i) = 0, which is a contradiction. If rkr; = 2, then ^ r |(F’ 1 ) is a torsion free sheaf of rank 1. By the 
Gi-twisted semi-stability of E and {l\/l)d — d\ < 0, we see that (i) /F £ {F{) —> E is a 0-map or (ii) d\/l\ = d/l, 
ai/h < a/l and lF|(Fi) — v E is injective. If the case (i) occurs, then Tgl^Ff) = E £ {F\). Hence F/^Ff) 
satisfies WITo- In the same way as in the proof of Lemma 3.1, we get a contradiction. If the case (ii) occurs, 
then by the inequality d\/a\ < d/a, we see that a\/l\ > a/l. Therefore a\/l\ = a/l, which implies that 
di/ai = d/a. 


If F £ {E) is not G 2 -twisted semi-stable, then by Lemma 3.1, there is an exact sequence (3.69) with 


0 < d\/a\ < d/a, which is a contradiction. Moreover if F £ (E) is not G 2 -twisted stable, then we also see that 
E is not Gi-twisted stable. The last claim follows from the same argument as in the proof of Proposition 

03 . □ 


Remark 3.5. If H satisfies the inequality (3.30|) and ( v 2 ) > 0, then Fs induces an isomorphism 


(3.71) 

if rk v = 1,2 and 

(3.72) 


M^(v) ss ^ Mf(F £ (v)) ss , 


— > max{4^rQ + 1, 2r 0 ({v 2 ) - {D 2 ))}. 


14 
























3.3.1. The case where NS(X) = Z. In the above theorem, the choice of d depends on (v 2 ) and ( D 2 ). Hence 
if NS(X) = Z H, then the choice depends only on ( v 2 ). Under this assumption, we can show the asymptotic 
stability generally. 

Proposition 3.17. Assume that NS(T) = Z H. We set w := aw o + Iqy — (dH + (dH , £o) Qy /J"o)• Let F &e 
a stable sheaf with v(F) = w. If 

(3.73) > max{4Zro + 1,2r 0 (w 2 )}, 


r 0 l 


then F|(F) is stable. 


Proof. By Proposition 3.6, WIT 2 holds for F and F|(F) is torsion free. Assume that E := F|(F) is not 
semi-stable. Let 

(3.74) 0cFi(F)cF 2 (F)c---CF s (F)=F 

be the Harder-Narasimhan filtration of E with respect to semi-stability. We set Ei := Fi(E)/Fi-i(E) and 
v(Ei) := Uvq + atQx + [diH — (diH, io)Qx/ro). By Lemma 3.1, d\/l\ > d 2 // 2 > • • • > d s /l s > 0. Assume 
that dj/lj > d/l for 1 < j < t and dj/lj < d/l for j > t. 

Claim 3.4. t = s, that is, E is g- semi-stable. 


Proof of Claim T4: Since Hom(£j, Ej) = 0 for i < j , | Mu3 , Cor. 2.8] implies that 

S 

(3.75) ^ dim Ext 1 (£*,£)) < dim Ext 1 (F, E) = (w 2 ) + 2. 

2=1 

Then ( v(Ei ) 2 ) < dimExt 1 (Fj, Ei) — 2 < ( w 2 ) for all i. For Ei with i <t, we take the Jordan-Holder filtration 
of Ei: 

(3.76) 0 C F/ (Ei) C F 2 J {Ei) C • • • C F*(E t ) = E { . 

Since H is general with respect to all Mukai vectors, (u(F^(F i )/Fj ; _ 1 (F i )) 2 ) = (rj/ rkF,;) 2 (u(Fi) 2 ), where 
rj := rk Ff (Ei)/Ff_ 1 (E i ). Hence (u(Fj 7 (F i )/Fj 7 _ 1 (Fj)) 2 ) < (u(Fj) 2 ), or Ei = Gf n \ where Gi is a stable 
vector bundle with ( v{Gi ) 2 ) = —2. Applying Corollary |i. 1 2 | (or Remark 3.3) to each F- ! (F, ; )/ F^_ ( E,j ), we 
see that ITo holds for Ei, i < t. Therefore F t (E) also satisfies ITo- Since E satsifies ITo, E/F t (E) also 
satisfies IT 0 and we get an exact sequence 

(3.77) 0 - F°(F t (F)) -f F - F° £ (E/F t (E)) 0. 

We set v{E/F t {E)) = I'vq + a'gx + (d'H - ( d'H,^ 0 )gx/ro)■ Then v(F £ (E/F t (E))) = a'wo + VQy - ( d'H + 
( d!H , fo )QY /rp). Hence a' > 0 and if a' = 0, then d' < 0. On the other hand, by our assumption ( |3.73 ) and 
Lemma T4 (2), we get that aj < adi/d for i > t, which implies that a' < ad!fd. Then we see that a! > 0 
and F £ (E/F t (E)) gives a destabilizing quotient sheaf of F. Therefore t = s. 

Then d\/l\ = d/l and a\/l\ > a/l. Since E\ satisfies ITo, the inequality —d\/a\ > — d/a implies that 
Fg(Fi) is a destabilizing subsheaf of F. Therefore E is semi-stable. If E is not stable, then E contains a 
subsheaf Fi with 

(3.78) v(Ei) = IiVq + aiQx + {d\H - (diH,£ 0 )Qx/ro), d\/h = d/l and a\/l\ > a/l. 

Then ITo holds for E\, E/E\ and we have an exact sequence 

(3.79) 0 —> Fg(Ei) —> F —> F £ (E 2 ) —> 0. 

Since d\/l\ < d/l, we get a contradiction. Thus F is stable. □ 

Theorem 3.18. Assume that NS(X) = Z H. We set v := Iv q + agx + dH — (dH,£o)gx/r^. Let E be a 
stable sheaf with v(E) = v. If 

d 


(3.80) 


r 0 l 


> max{4/ro + 1 , 2r 0 (v )}, 


then F £ (E) is stable. In particular, T& induces an isomorphism 


(3.81) 


M h (v) ss - M n (F e {v)) 


Proof. Let F\ C F £ {E) be the first filter of the Harder-Narasimhan filtration of F°(F). We set v{F{) = 
a\Wo + hgy — ( d\H -(- (d\H, £o) gY/ro)■ Then 0 < d\/a\ < d/a, or d\/a\ = d/a and l\/a\ > l/a. Since 
Hom(Fi,F|(F)/Fi) = 0, [ Mu3| , Cor. 2.8] implies that dim Ext 1 (Fi, F±) < dimExt 1 (F^(F), F°(F)). Then 
(u(Fi) 2 ) < dim Ext 1 (Fi, Fi) — 2 < (v 2 ). Let F[ be a stable subsheaf of F\ such that v{F[) = a[w o + l[gY — 
( d[H + ( d[H,f t o)gY/ro) with d\/a' x = d\/a\ and 1'i/a) = h/a\. Then (■ v(F {) 2 ) = (l , 1 /h) 2 (v(Fi) 2 ). Since 
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di/li > d/l, F[ satisfies the condition ( 3.73| ) in Pr oposi tion 3.17 , and hence Fg{F[) is a stable sheaf. Then 
by the same argument as in the proof of Theorem 3.16, we see that the claim holds. □ 


3.4. A special case. Let (A, if) be a polarized abelian surface with NS(A) = XH. We set ( Ft 2 ) = 2 n. Let 
V be the Poincare line bundle on A' x A. In this special case, we shall give more precise results. We first 
treat positive rank cases. 


3.4.1. Positive rank cases. 


Proposition 3.19. For positive integers r, d, a, We set v := r + dH + agx and k := gcd(r, d) > 0. We take 
a pair of integers (r', d') such that rd! — r'd = —k and 0 < r' < r. If dn > max{^(r' + r) (u 2 ), ^(u 2 )}, 
then the following assertions hold: 

(1) For any stable sheaf F\ with v(Fi) = ai ± d\H + rig^-, 0 < d\ < d and d\/a\ < d/a, we have 
r\ < rd\/d. 

(2) For any stable sheaf E\ with v(Ei) = r\ + d\H + a\Qx, 0 < d\ < d and di/rq < d/r, we have 
ai < adi/d. 

Proof. We shall prove the claim (1). We set s := {v 2 )/2. Let Fi be a stable sheaf with v{F\) = a\ — d\H + 
rig_j, 0 < di < d and d\/a\ < d/a. If rq < 0, then obviously our claim holds. If rq > 0, then we see that 

(3.82) 0 < (v(Fi) 2 ) < — p(nd(rdi — rid) + ris). 

rd 

If ri > r, then we get a contradiction by the inequality dn > s. Assume that rq < r. If rd\ — rid < 0, 
then there is a positive integer m such that rdi — rid = —km. Then rq — r'm is divisible by r/k and 
7 q — r'm < r. Hence we get rq — r'm <r r/k , which implies that nd(rdi — rid) + 7qs = —mknd + 7qs < 
—mknd + rs — rs/k + r'ms < 0, which is a contradiction. Therefore rdi — rid > 0. □ 


Then we get the following. 

Theorem 3.20. Q-p induces an isomorphism, 

(3.83) M u(r + dH + agx) ss —► M^(a + dH + rg^) ss 
if dn > rs, where s := (d 2 n — ra). 

Proof. We note that rs > l(r-'+ ^ fc ~ 1 V )s. Under our conditions, by a modification of the proof of Proposition 
3.11 , we see that WIT 2 holds with respect to Q-p. Assume that Q^(E) is not semi-stable. Then we have an 
exact sequence 

(3.84) 0->Gi->G£CE)->G 2 ->0, 

where Gi is a torsion free sheaf with /x m i nj e>_(Gi) > 0 and G 2 is a stable sheaf with v{G 2 ) = a^ +d2H + r^Qx 
such that (i) 0 < ^ 2/^2 < d/a , or (ii) d 2 /a 2 = d/a and r 2 /a 2 < r/a. Then we see that WIT 2 holds for G 2 
with respect to Qp and we have an exact sequence 

(3.85) 0 —> Qp{Gi) —> Q%,(G 2 ) E —> Gp{Gi) —> 0. 

Since cfo < da 2 /a < d, Proposition 3.19| implies that r 2 < r^/d- By the proof of Theorem 3.18, we see that 
{v(G 2 ) 2 ) < (v(E) 2 ). Hence ^ 2/^2 > d/r > {v(E) 2 ) > ( v(G 2 ) 2 )- By the same argument as in Proposition 
|3.17 , we can show that Qp{G 2 ) is a stable sheaf. Then by the proof of Theorem 3.1C, we get our theorem. □ 

Remark 3.6. Assume that r < 3. Under the notation in Proposition 3.19, if k = 1 and dn > r's, then Qp 
induces an isomorphism 

(3.86) Mh(t + dH + agx) ss —> Mg(a + dH + rg%) ss . 

Proof. We use the notation in the proof of Theorem 3. 2 d|. If rkty^(Gi) = 1, then Lemma fl.3| implies that 
Qp(Gi) is a line bundle. Then by the stability of E, we get deg(£/p(Gi)) > 0, which implies that Qp{G 1 ) is 
an ample line bundle. Hence WIT 2 holds for Qp{G\) with respect to Qp. On the other hand, by using the 
spectral sequence on Qp o Qp(G 1 ), we see that Qp(Qp{G 1 )) = 0. Therefore rk^-p(Gi) ^ 1. Then the proof 
is similar to that of Theorem B 

Remark 3.7. If r = 1 and d > 2, then ITo holds with respect to Tp under the assumption 2(d — 1 )n > s (cf. 
0 Thm. 1.1]). 

If dn < s, then Fp does not always preserve the stability. 

Lemma 3.21. Assume that d = kr + 1 and dn < s < (d 2 — (d — l) 2 /r)n — 2r. Then there is a p-stable sheaf 
E with v(E) = r + dH + n s ) g x such that E satisfies ITo with respect to Fp, but Fp(E) is not g-semi 
stable. 
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Proof. We set v := r + dH + 
stable. 


Qx■ We shall find a member E £ M. H (v) ss such that Tp(E) is not 


( d 2 n — s) 
r 


Claim 3.5. There is a //-stable sheaf E with v(E) = v such that H°(X, E(—kH)) ^ 0 and ITo holds with 
respect to Tp. 


We first assume this claim and show that Tp(E) is not stable. We set F := coker (Ox —*■ E(—kH)). Then 
we have an exact sequence 

(3.87) 0 -+ J^(O x {kH)) -f T^(E) -> Tp(F(kH)) 

Since v(Tp(Ox(kH))) = nk 2 — kH + gx, we get that 


0 . 


deg (T°(O x (kH))) deg (T°,(E(kH))) _ - k(H 2 ) -~rd(H 2 ) 


(3.88) 


rk (T°(O x (kH))) rk (T°(E(kH))) 


k 2 n d 2 n — s 
2(s — dn ) 


k(d 2 n — s ) 


> 0 . 


Thus Fp{E) is not stable. Therefore we get our lemma. 

Proof of Claim 3.5: We note that s > n. Let F be a stable vector bundle with v(F) = (i— 1) + H — {(s — 
n )/ r }Qx- Then Ext : (F <8>V\xx{y},Ox) = H l (X,F <S> 'P\xx{y}Y 7 ^ 0 for some y £ X. Let fibea sheaf on 
X such that E(—kH) is defined as a non-trivial extension 

(3.89) O^O x ^E(-kH)^F®V\xx{y}->Q- 


Then E is //-stable (see [Yl, Lem. 2.1]). Moreover, since x{F{kH)) = ( d 2 n — s)/r — nk 2 = ((d 2 — (d — 
1 ) 2 /r)n — s)/r > 2, Theorem L3 in section [J implies that ITo holds for a general F with respect to T-p. □ 

Remark 3.8. As we shall see in section^, Tp preserves the stability condition for a general //-stable sheaf. 

3.4.2. Rank 0 case. We next treat the rank 0 case. We start with the following lemma whose proof is similar. 


Lemma 3.22. We set v := dH + agx ■ If a > d(d — 1 )n, then 

(1) for any stable sheaf T\ with v(Fi) = a\ ±d\H + rig%, 0 < d\ < d and d\/a\ < d/a, we have r± < 0, 
and 

(2) for any stable sheaf Ei with v(Ei) = r\ +d\H + aiQx, 0 < d\ < d and r\ > 0, we have ai < adi/d. 


Proposition 3.23. Qp induces an isomorphism 

(3.90) M H (dH + ag x ) ss -> M s (a + dH) ss , 

if a > d(d — 1 )n. Moreover Tp induces an isomorphism M. H (dH + agx) ss —► Ai^(a — dH) ss , if a > d 2 n. 

Proof. We shall only prove the first claim. For E € Mii(dH + agx) ss , we see that E satsifies WIT 2 with 
respect to Qp. we assume that Qj,(E) is not semi-stable. Then there is an exact sequence 

(3.91) 0->Gi-» Qp(E) -> G 2 -► 0 

such that G\ is a torsion free sheaf with // m in,o x (C?i) > 0 and G 2 is a stable sheaf with u(G 2 ) = a 2 + d 2 ff + 
r 2 /?Y> (i) 0 < d 2 /a 2 < d/a, or (ii) d 2 /a 2 = d/a and r 2 > 0. We note that 

(3.92) a 2 > d 2 a/d > d 2 (d — l)n. 

If r 2 > 0, then we see that 0 < d 2 (H 2 ) — 2r 2 a 2 < 2nd 2 — 2 a 2 < 2?/d 2 (d 2 — d + 1) < 0. Hence we get r 2 < 0. 
Thus the case (ii) does not occur. Since Qp(G 1 ) is locally free (cf. Lemma |3~3|) and Qp(G 1 ) is a subsheaf of 
Qp(G 2 ), we get Qp{G\) = 0. Since a 2 /d 2 > a/d, QpiG?) is a destabilizing subsheaf of E. Therefore Qp(E) 
is semi-stable. □ 


4. Birational maps 


Let (A', H) be a polarized abelian surface with NS(A) = T,H again. 

Proposition 4.1. We set v := r + dH + agx, r, d > 0. If ( v 2 ) < 2r, then WIT 2 holds for all pi-semi-stable 
sheaf E with v(E) = v. 


Proof. We shall prove our claim by induction on ( v 2 ). Obviously our claim holds for semi-homogenous 
sheaf. Let £ be a /z-semi-stable sheaf with v(E) = v. Assume that E is ^-equivalent to ®* =1 Ei, where Ei, 
1 < i < s are //-stable sheaves. Then 


(4.1) 


rk Ei r 
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Since ( v(Ej ) 2 ) > 0 for all j, we get ^ < - 7 -^ < 2. Therefore we shall prove our claim for /x-stable 

sheaves. 

If a = 0, then 2nd 2 < 2r. Hence the claim follows from Proposition 3.23. We assume that a > 0. Assume 
that Ext 1 (£’, V\xx{y}) /Ojel. We take a non-trivial extension 

(4.2) o^ VlXx{y} ^ G ^ E ^0. 

Assume that G is not p,-semi-stable. Let 

(4.3) 0 C Fi C F 2 C • • • C F s = G 

be the Harder-Narasimhan filtration of G with respect to the /r-semi-stability. We set v{Fi/Fi- 1 ) := ry + 
diF[ + diQx• Then 0 < d s /r s < ■ ■ ■ < difr-i < d\jr\ < d/r and ry < r. We see that 


(4.4) 


E 


(viFjF^f) 


Ti 


< ^2 2 (n-di - di) 


d 2 ( v 2 

= 2 n - 2 a = - 1 

r r 


< 2 . 


Since (v(Fj/Fj_ 1 ) 2 ) > 0 for all j, we get - v ( Fi /F ~ 1 2 ) < ilhl < 2 . Since ry < r, we get (v(Fi/Fi- 1 ) 2 ) < (w 2 ). 
By induction hypothesis, our claim holds for Fi/Fi-\. Hence G satisfies WIT 2 with respect to Gv ■ Since 
V\xx{ y } also satisfies WIT 2 with respect to Gv- E satisfies WIT 2 with respect to Gv- 

Assume that G is /z-semi-stable. Since ( v(G ) 2 ) = (v 2 ) — 2a, by induction hypothesis, our claim holds for 
G. Therefore E satisfies WIT 2 with respect to Gv- □ 

Lemma 4.2. We set v = r + dFl + apx, r, d > 0. 

(1) If a > 0, then there is a stable sheaf E with v(E) = v such that Ext 1 (E, Ox) = H 1 (X, E) v = 0. In 
particular, WIT 2 holds for E with respect to Gv- 

(2) If a < 0, then there is a stable sheaf E with v{E ) = v such that H°(X,E) = 0. In particular, WITi 
holds for E with respect to T-p. 

Proof. We take an integer b such that 0 < ((r + dH + (a + b)gx) 2 ) = (v 2 ) — 2 rb < 2 r. We note that b > 0. 
Let F be a stable sheaf with v(F) = r + dH + (a + b)gx such that H 1 {X, F ) = 0. We consider a surjective 
homomorphism <j> : F —> ©li C Xi , where x±, X 2 , ■ ■ ■, Xb G X. If we choose a sufficiently general <f>, then 


(4.5) 


H 1 ( X , ker <f) = 0 , if a > 0 , 
H°(X, kercf) = 0, if a < 0. 


Since ker^ is /x-semi-stable, by the dimension counting in [Y2, sect. 2], we see that a /x-semi-stable sheaf 
deforms to a stable sheaf. Hence we get our claim. □ 


By |Y3, Cor. 4.15], we get the following theorem which was conjectured in |Y3, Conj. 4.16]. 

Theorem 4.3. Assume that r, d > 0. 

( 1 ) If a > 0 , then Gv induces a birational map 

(4.6) Mn{r + dH + agx ) • • • —> Mg(a + dH + rg%). 

(2) If a < 0, then Tv induces a birational map 

(4.7) Mn(r + dH + agx ) • • • —> Mft(—a + dH — rg x ). 

Definition 4.1. For a divisor D on A", we define Tjj : D(X) —> D(X) by sending F £ D(X) to F®Ox(D) £ 
D(X). 

Lemma 4.4. If r > 0, then Mn(r + dH + agx ) is birationally equivalent to Mh(t — dH + agx)- 

Proof. If r\d, then T_ 2 dH/r induces an isomorphism Mn{r + dH + agx) —> M g(r — dH + agx)- If r \ d, 
then there is a ^t-stable vector bundle E with v(E) == r + dH + agx (cf. [Y2, sect. 2]). Since E v is also 
/i-stable, we get a desired birational map. □ 


The following was proved in Y31. 


Proposition 4.5. | Y3 , Thm. 9.4] Ifr, b > 0, then Gv induces an isomorphism Mnfr—bQx) —► Mffib—rgg). 

Definition 4.2. (1) A Mukai vector v := r + dH + agx is positive, if (i) r > 0, or (ii) r = 0 and d > 0, 

or (iii) r = d = 0 and a > 0. We denote a positive v by v > 0. 

(2) For a Mukai vector v with — v > 0, we set Mh(v) := Mh(—v). 


By using Theorem 4.3, Lemma 4.4 and Proposition 4.5, we get the following theorem. 


18 















Theorem 4.6. For a Mukai vector v, Mjj(v) is birationally equivalent to M^(F-p(v)). 

Assume that (X,H) is a principally polarized abelian surface, i.e, n = 1. We identify X with X by the 
canonical morphism 4>h : X —► X. Mukai [ Mul , Thm. 3.13] showed that SL(2,7i) acts on D(X) up to shift 
such that the correspondence is given by 


(4.8) 


0 1 

-1 0 


F-p, 


1 1 
0 1 


t h . 


Hence we get an SL( 2, Z) action on H*(X , Z ) a i g := Z ® NS(X) ® Zgx- 

Corollary 4.7. Let (X,H) be a principally polarized abelian surface with NS(A) = Z. Then for g £E SL{ 2,Z) 

and v G H*(X, Z) alg , Mh(v) is birationally equivalent to Mn(g(v)). 
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